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GLOBAL HOLDER CONTINUITY OF SOLUTIONS TO 
QUASILINEAR EQUATIONS WITH MORREY DATA 

SUN-SIG BYUN, DIAN K. PALAGACHEV, AND PILSOO SHIN 


Abstract. We deal with general quasilinear divergence-form coercive opera¬ 
tors whose prototype is the ra-Laplacean operator. The nonlinear terms are 
given by Caratheodory functions and satisfy controlled growth structure con¬ 
ditions with data belonging to suitable Morrey spaces. The fairly non-regular 
boundary of the underlying domain is supposed to satisfy a capacity density 
condition which allows domains with exterior corkscrew property. 

We prove global boundedness and Holder continuity up to the boundary 
for the weak solutions of such equations, generalizing this way the classical L p - 
result of Ladyzhenskaya and Ural’tseva to the settings of the Morrey spaces. 


1. Introduction 


The general aim of the present article is to get sufficient conditions ensuring 
boundedness and Holder continuity up to the boundary for the weak solutions to 
general quasilinear equations with discontinuous ingredients which are controlled 
within the Morrey functional scales. Precisely, we deal with weak solutions u £ 
W 0 1,m (f2) of the Dirichlet problem 


( 1 . 1 ) 


div (a(x, u, Du)) = b{x , it, Du) 
u = 0 


in 17 
on <917, 


where 17 C R n , n > 2, is a bounded domain with generally non-smooth boundary, 
to £ (l,n], and a: 17xRxR n R™ and b: 17xRxR" -A R are Caratheodory maps. 
Let us stress the reader attention at the very beginning that prototypes of the quasi¬ 
linear equations studied are these for the m-Laplace operator div [\Du\ m ~ 2 Du) 

with to > 1, or these for the m-area type operator div ^(A + \Du\ 2 ) 2 Du') with 
to > 2 and A > 0. 

Regarding the nonlinear terms in CH), we assume controlled growths with re¬ 
spect to u and Du, that is, 


|a(x, u, Du )| = O p(x ) + |u| ( rn 5 + |Z>u| m 1 j , 
| b(x, u, Du )| = O (ip{x) + |u|^ _1 + \Du\~t ~) 
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as |z|,|Du| —> oo, where £ is the Sobolev conjugate of m, and coercivity of the 
differential operator considered 

a(x, u , Du) ■ Du > 7 |Du| m — A|u| f — A <p(x ) m ~ 1 

with non-negative functions ip and ip and constants 7 > 0 and A > 0. It is worth not¬ 
ing that ip £ (f 2 ) and ip £ (H), together with the controlled growths, 

are the minimal hypotheses on the data under which the concept of Wg 1 ,m (fl)-weak 
solution to ED makes sense. In what follows, we will assume that <p and ip are 
non-negative measurable functions belonging to suitable Morrey spaces. Namely, 
we suppose 

ip £ L P ’ X (Q) with p > ^zr[, A £ (0,n) and (■ m — l)p + A > n 

ip £ L q ’ p (Cl) with q > mn ™"_ n , P G (0, n) and mq + p > n. 

The non-regular boundary of SI will be assumed to satisfy a density condition 
expressed in terms of variational P-capacity for some P £ (1, m) (see (12.11) below), 
which requires the complement R ra \$2 to be uniformly P -thick. This notion is a nat¬ 
ural generalization of the measure density condition, known also as (A)-condition of 
Ladyzhenskaya and Uraltseva (cf. T2* USE])) which holds for instance when each 
point of dfl supports the exterior cone property , excluding this way exterior spikes 
on dQ. In that sense, the uniform P-thickness condition is satisfied by domains 
with C 1 -smooth or Lipschitz continuous boundaries, but it holds also when dfl is 
flat in the sense of Reifenberg, including this way boundaries with fractal structure 
such as the von Koch snowflake. Anyway, the class of domains verifying the capac¬ 
ity density condition ED goes beyond these common examples and contains for 
example sets with boundaries which support the uniform corkscrew condition. 

The regularity problem for solutions to ED lias been a long-standing problem 
in the PDEs theory, related to the Hilbert 19th Problem. In particular, the task 
to get Holder continuity of the weak solutions under very general hypotheses on 
the data is a first step towards developing relevant solvability and regularity theory 
for ( 11 . 11 ) in the framework of various functional scales (see for instance [31 EE ED 
and the references therein). In case when (11.11) is the Euler-Lagrange equation of 
a given functional T that is the problem of regularity of the minimizers of T and 
this links ED to important equations from differential geometry or mathematical 
physics, such as Gunzburg-Landau, nonlinear Schrodinger, non-Newtonian fluids 
and so on. 

The Hilbert 19th Problem has been brilliantly solved by De Giorgi in 0 for Wq’ 2 - 
weak solutions to linear differential operators over Lipschitz continuous domains 
when m = 2, tp £ L p with p > n and ip £ L q with 2 q > n, and this provided the 
initial breakthrough in the modern theory of quasilinear equations in more than two 
independent variables. The De Giorgi result was extended to linear equations in 
the non-L p settings (i.e., when a sort of (11.21) holds) by Morrey in [13] and Lewy and 
Stampacchia in m to equations with measures at the right-hand side, assuming 
<p £ L 2 ’ X , ip £ with A, p > n — 2. Moving to the quasilinear equation ED , we 
dispose of the seminal ZP-result of Serrin |25l , which provides interior boundedness 
and Holder continuity of the W ( ) '"'-weak solutions to ED in the sub- controlled case 
when the nonlinearities grow as |u| m ~ 1 + |Z?u| m_1 , and the behaviour with respect 
to x of a(x, it, Du) and b(x, u , Du) is controlled in terms of tp and ip, respectively, 
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with 

p£L p (M) with p > i (to — l)p > n 

with g >^^, mq > n. 

Global boundedness of the Wg 1,m -weak solutions to ED with general nonlin- 
earities of controlled growths has been obtained by Ladyzhenskaya and Ural’tseva 
in pj2j under the hypotheses EH) and for domains satisfying the measure den¬ 
sity (A)-condition. Assuming natural growths of the data (that is, a (x,u,Du) = 
0(ip(x) + \Du\ m ~ 1 ) and b(x, u, Du) = 0{ip{x) + \Du\ m )) and (11.31) . Ladyzhenskaya 
and Ural’tseva proved later in m Holder continuity up to the boundary for the 
bounded weak solutions of ED, and Gariepy and Ziemer extended in | 6 ] their re¬ 
sult to domains with P-thick complements. It was Trudinger |26] the first to get 
global Holder continuity of the bounded solutions in the non-L p settings under the 
natural structure hypotheses of Ladyzhenskaya and Ural’tseva with p £ L n /(.m-i),e^ 
ip £ L n /m,E f or a sma u e > 0, while Lieberman derived in m a very general re¬ 
sult on interior Holder continuity when p and ip are suitable measures. We refer 
the author also to the works by Rakotoson [23], Rakotoson and Ziemer [24] and 
Zamboni m for various interior regularity results regarding the problem ED- 

This paper is a natural continuation of [2] where boundedness has been proved for 
ED with Morrey data in the case to = 2 under the two-sided (A) condition on dfl. 
Here we derive global boundedness (Theorem 12.11) and Holder continuity up to the 
boundary (Theorem 12.31) for each W 0 1 ’ m (H)-weak solution of the coercive Dirichlet 
problem ED over domains with P-thick complements assuming controlled growths 
of the nonlinearities and Morrey data p and ip satisfying ED- Apart from the more 
general class of domains considered, we extend this way the classical L p -results of 
Ladyzhenskaya and Ural’tseva mmm to the non-L p -settings by weakening the 
hypotheses on ip and ip to the scales of Morrey type. A comparison between E2D 
and El shows that the decrease of the degrees p and q of Lebesgue integrability of 
the data p and ip is at the expense of increase of the Morrey exponents A and pL, and 
the range of these variations is always controlled by the relations (to — l)p + A > n 
and mq + p > n. Indeed, in the particular case A = p = 0 and domains with 
exterior cone property, our results reduce to these of Ladyzhenskaya and Uraltseva 
mMm- However, our Theorems 1 2.1 1 and 12.31 generalize substantially the results 
in EDUlEfl because even if (to — 1 )p < n and mq < n, there exist functions 
p £ L P ' X with (to — 1 )p + A > n and ip £ L q ’ p with mq + p > n for which (11.21) 
hold, but p ^ L p V?/ > n/(m — 1) and ip £ L q Mq 1 > n/m and therefore (11.31) 
fail. Moreover, as will be seen in Section [4] below, the controlled growths and 
the restrictions El on the Sobolev-Morrey exponents are optimal for the global 
boundedness and the subsequent Holder continuity of the weak solutions to ED- 

The paper is organized as follows. In Section [2] we start with introducing the 
concept of P-thickness and discuss its relations to the measure density property 
of dMl. We list in a detailed way the hypotheses imposed on the data of ED and 
state the main results of the paper. Section [3] collects various auxiliary results 
which form the analytic heart of our approach. Of particular interest here is the 
Gehring-Giaquinta-Modica type Lemma l3.8l that asserts better integrability for the 
gradient of the weak solution over domains with P-thick complements, a particular 
case of which is due to Kilpelainen and Koskela m • The proof of the global 
boundedness result (Theorem 1 2. II) is given in Section H Our technique relies on the 
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De Giorgi approach to the boundedness as adapted by Ladyzhenskaya and Uraltseva 
(cf. H] Chapter IV]) to quasilinear equations. Namely, using the controlled growth 
assumptions, we get exact decay estimates for the total mass of the weak solution 
taken over its level sets. However, unlike the P p -approach of Ladyzhenskaya and 
Uraltseva, the mass we have to do with is taken with respect to a positive Radon 
measure A4, which depends not only on the Lebesgue measure, but also on ip ™- 1 , 
if) and a suitable power of the weak solution itself. Thanks to the hypotheses 0 , 
the measure A4 allows to employ very precise inequalities of trace type due to 
D.R. Adams [T and these lead to a bound of the .Ad-mass of u in terms of the 
m-energy of u. At this point we combine the controlled growth conditions with 
the better integrability of the gradient in order to estimate the m-energy of u in 
terms of small multiplier of the same quantity plus a suitable power of the level 
set .Ad-measure. The global boundedness of the weak solution then follows by a 
classical result known as Hartman-Stampacchia maximum principle. At the end 
of Section [4] we show sharpness of the controlled growths hypotheses as well as 
of (11.21) on the level of explicit examples built on quasilinear operators with m- 
Laplacean principal part. Section [5] is devoted to the proof of the global Holder 
continuity as claimed in Theorem l2.3l Indeed, the boundedness of the weak solution 
is guaranteed by Theorem 12.11 and the fine results obtained by Lieberman in HZ] 
apply to infer interior Holder continuity. To extend it up to the boundary of Cl, 
we adopt to our situation the approach of Gariepy and Ziemer from |B] which relies 
on the Moser iteration technique in obtaining growth estimates for the gradient 
of the solution. The crucial step here is ensured by Lemma 15.11 which combines 
with the P-thickness condition in order to get estimate for the oscillation of u over 
small balls centered on dCl in terms of a suitable positive power of the radius. Just 
for the sake of simplicity, we proved Theorem 12.31 under the controlled growths 
hypotheses. Following the same arguments, it is easy to see that the global Holder 
continuity result still holds true for the bounded weak solutions of Dl) if one 
assumes the natural structure conditions of Ladyzhenskaya and Ural’tseva instead 
of the controlled ones (cf. Theorem 15.21) . 

Acknowledgments. S.-S. Byun was supported by the National Research Foun¬ 
dation of Korea (NRF) grant funded by the Korea government (MSIP) (No. 2009- 
2012R1A2A2A01047030). D.K. Palagachev is member of the Gruppo Nazionale 
per I’Analisi Matematica, la Probabilitd e le loro Applicazioni (GNAMPA) of the 
Istituto Nazionale di Alta Matematica (INdAM). 


2. Hypotheses and Main Results 


Throughout the paper, we will use standard notations and will assume that the 
functions and sets considered are measurable. 

We denote by B p (x ) (or simply B p if there is no ambiguity) the n-dimensional 
open ball with center x £ R" and radius p. The Lebesgue measure of a measurable 
set E C 1" will be denoted by |P| while, for any integrable function u defined on 
a set A, its integral average is given by 



We will denote by Cfi°(Cl) the space of infinitely differentiable functions over a 
bounded domain Cl C R™ with compact support contained in that domain, and 
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L p (tt) stands for the standard Lebesgue space with a given p £ [1, oo]. The Sobolev 
space W^ (fl) is defined, as usual, by the completion of Cq°(0.) with respect to the 
norm 

IM|wup(fi) : = ||w||LP(n) + \\Du\\ lp ^q) 

for p £ [ 1 , oo). 

Given s £ [l,oo) and 9 £ [0,n], the Morrey space L s,s (fl) is the collection of all 
functions u £ L S (Q) such that 

IMIz,^(fi) : = sup \ P~ 8 |u(z)| 5 dz] < oo. 

x 0 efi, p> o y Jb p {x 0 )nf2 j 

The space L s ’ e (Q), equipped with the norm || • ||l», 8 (o) is Banach space and the 
limit cases 9 = 0 and 9 = n give rise, respectively, to L s { ft) and L°°(f2). 

Let fl C K" be a bounded domain with n > 2. In order to set down the require¬ 
ments on d fi, we need to recall the concept of variational p-capacity of a set for 
1 < p < oo. Thus, given a compact set Cell, its p-capacity is defined as 

Cap (C, fl) = inf f \Dg\ p dx 
a Jn 

where the infimum is taken over all functions g £ such that g = 1 in C. If 

U C is an open set, then 

Cap (U, f2) = sup Cap (C, fi), C is compact, 
ecu 

while, if E C is an arbitrary set, then 

Cap (E, Q,) = inf Cap (U, fi), U is open. 

EC.Ud^l 

In particular, if E C E' C Cl' C then 

Cap p (E,fl) < Cap 

and, in case of two concentric balls Br and B r with R > r, the next formula 

Cap p (B ri B R ) = Cr n ~ p 

is known for p > 1 , where C > 0 depends on n, p and R/r (see [HI Chapter 2] for 
more details). 

In the sequel we will suppose that the complement R n \ Q of satisfies the next 
uniform P-thickness condition for some P £ (l,m): there exist positive constants 
A$i and ro such that 

(2.1) Capp((R 11 \ n) fl B r {x), B 2 r(x)) > Aq. Cap P (B r (x), B 2r (x)) 
for all x £ R" \ fl and all r £ (0, ro). 

Let us point out that replacing the capacity above with the Lebesgue measure, 
(EH) reduces to the measure density condition (the (A)-condition of Ladyzhenskaya 
and Ural’tseva) which holds for instance when fl supports the uniform exterior cone 
property. If a given set E satisfies the measure density condition then it is uniformly 
p-thick for each p > 1 , whereas each nonempty set is uniformly p-thick if p > n. 
Further on, a uniformly g-thick set is also uniformly p-thick for all p > q and, as 
proved in |15j . the uniformly p-thick sets have a deep self-improving property to 
be uniformly g-thick for some q < p, depending on n, p and the constant of the 
p-thickness. In this sense, it is not restrictive to ask P < m in EH since even 


6 


S.-S. BYUN, D.K. PALAGACHEV, P. SHIN 


if R” \ LI were m-thick, the existence of a P < m verifying m is ensured by 
m- Yet another example of uniformly p-thick sets for all p > 1 is given by those 
satisfying the uniform corkscrew condition: a set E is uniformly corkscrew if there 
exist constants C > 0 and ro > 0 such that for any x £ E and any r £ (0, r 0 ) there 
is a point y £ B r (x) \ E with the property that B r /c(y) C R n \ E. 

Turning back to the Diriclilet problem the nonlinearities considered are 

given by the Caratheodory maps a: HxlxR" —x R™ and b: Ll xRxR" —> R, where 
a(x,z,f) = (a l (x, z, £), • • • ,a n (x, z,f)). In other words, the functions a q, (x,z,ff) 
and b(x, z , £) are measurable with respect to x £ Ll for all ( z , £) £ R x R" and are 
continuous with respect to z £ R and f £ R™ for almost all (a.a.) x £ Ll. Moreover, 
we suppose: 

• Controlled, growth conditions: There exist a constant A > 0 and non-negative 
functions £ L P ’ A (H) with p > A € (0, n) and (m — 1 )p + A > n, and 

if £ L q ’ p ’(Ll) with q > , p £ (0,n) and mq + p > n, such that 


|a(z, 01 < A (VO) + kl f<T ” ^ + l£P , 
\b{x,z,C)\ < A (if(x) + (zf " 1 + 


for a.a. x £ Ll and all (z, Qelx R". Here, t is the Sobolev conjugate of to and is 
given by 


(2.3) 


_ ) n—m 


any exponent i > n 


if to < n, 
if to = n. 


• Coercivity condition: There exists a constant 7 > 0 such that 
(2.4) a(x, z,p(> 7lC| m - A|zp - Aip(x)^ 


for a.a. x £ Ll and all ( z ,()elx R n . 

Recall that a function u £ W 0 ’ m (Ll) is called weak solution to the Dirichlet 
problem m if 


(2.5) / a(x, u(x), Du(x)) ■ Dv(x) dx + / b(x, u(x), Du(x))v(x) dx = 0 

Jo, Jo, 

for each test function v £ Wg 1,m (H). It is worth noting that the convergence of the 
integrals involved in (12.51) for all admissible u and v is ensured by (12.21) under the 
sole assumptions p > —^ and q > — 7 ^— when m < n. q > 1 if to = n. 

Throughout the paper the omnibus phrase u known quantities ” means that a 
given constant depends on the data in hypotheses (ED (1^1) . which include n, m, 
7 , A, P, A, q , p, IPIIirA(n), ||V’[U«.»‘(n)> P, diarnH, and r 0 . We will denote by 
C a generic constant, depending on known quantities, which may vary within the 
same formula. 


Our first result claims global essential boundedness of the weak solutions to the 
problem (Ell- 

Theorem 2.1. Let Ll satisfy (12.11) and assume (12.21) and (12.41) . Then each W^’ m (Ll)- 
weak solution to the problem d is globally essentially bounded. That is, there 
exists a constant M, depending on known quantities, on ||T , u||L*n(n) an d on the 
uniform integrability of \Du\ m , such that 

(2.6) |MU=°(fi) < M. 
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An immediate consequence of Theorem 12.11 and the local properties of solutions 
to quasilinear elliptic equations (cf. [fTJ £2Zj) is the interior Holder continuity of 
the weak solutions. 


Corollary 2.2. Under the hypotheses of Theorem \2.1l each weak solution to (11.11) 
is locally Holder continuous in f 1. That is, 

\u{x) - u(y)\ 


sup 

x,y£Q,', Xy£y 


\x — y\ c 


< H VS2' (e Q 


with an exponent a £ (0,1) and a constant H > 0 depending on the same quantities 
as M in m and on dist (Q' , dLl) in addition. 


What really turns out is that assumptions m, (Ei and El are also sufficient 
to ensure Holder continuity of the weak solutions up to the boundary , and this is 
the essence of our second main result. 


Theorem 2.3. Assume (12.11) . (12.21) and m ■ Then each weak solution of the 
Dirichlet problem El is globally Holder continuous in ft. Precisely, 


sup 

x,y££l, x^y 


K*) - u(y) I 


\x - y\ c 


< H , 


where the exponent a £ (0,1) and the Holder constant H > 0 depend on the same 
quantities as M in EHt - 


3. Auxiliary Results 


For the sake of completeness, we collect here some auxiliary results to be used 
in proving Theorems 12.11 and 12.31 

3.1. Basic tools. 


Proposition 3.1. (Embeddings between Morrey spaces, see [21]) For arbitrary 
s', s" £ [l,oo) and 9',6" £ [0,n), one has 

L s '’ e '(R) C L s "’ e "(R) 


if and only if 


s' > s" > 1 and 


. — 9' 


> 


- 9 "' 


Proposition 3.2. (Hartman-Stampacchia maximum principle, see [TO], 14]*Chapter II. 
Lemma 5.1) Let r: K —> [0,oo) be a non-increasing function and suppose there exist 
constants C > 0, ko > 0, <5 > 0 and a £ [0,1 + 5] such that 


noo 

/ r(t) dt < Ck a (r(k)) 


1 +5 


Vk > ko. 


J k 

Then t supports the finite time extinction property, that is, there is a number fc max , 
depending on C , ko, S , a and f kg r(t) dt, such that 


r(k) =0 Vfc > fc max . 


Proposition 3.3. (Adams trace inequality, see p]) 
measure supported in f l and such that AA{B p (x)) < 
each p > 0, where K is an absolute constant and 


a 0 = -in - r), 
r 


1 < r < s < oo, 


Let M be a positive Radon 
Kp a ° for each x £ K™ and 


r < n. 
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Then 


[ |t>(a;)| s cLvA < C(n, s, r)iv 1//s ( f \Dv(x)\ r dx 
Jn ) \Jn 


1/r 


Vv g W 0 1 ,r (O). 


In particular, if dJU = c(x) dx with c G L 1,n r+e °(fl) and £q > 0, then 


|u(ai)| s c(a;) dx^j < C (n, s, r, ||c|| £ i,„-r+ eo(n) ) ^ \Dv(x)\ r dx 
for all v G Wj’ r (fi), where n — r + £q = f(n — r), 1 < r < s < oo, r < n. 


1/r 


Proposition 3.4. (Gehring-Giaquinta-Modica lemma, see [7] Proposition 1.1, 
Chapter V]) Let B be a fixed ball and G G L S (B), F G L S °(B) be nonnegative 
functions with Sq > s > 1. Suppose 



for each ball B p of radius p € (0, po) such that l? 2 p C B, where 0 < 9 < 1. 

Then there exist constants C and mo G (s,so]> depending on n, c, s, so and 0 , 
such that 



Proposition 3.5. (John-Nirenberg lemma, see [Ml Lemma 1.2], [5] Theorem 7.21]) 
Let Bq be a ball in R”, u G W 1,Tn (Bo) and suppose that, for any ball B C Bq with 
the same center as Bq there exists a constant I\ such that 


\\Du\\ Lm{B) <K\B\^. 

Then there exists constants (Jq > 0 and C depending on K, m, n such that 



dx < C|i?o| 2 - 


Proposition 3.6. (see [8] Lemma 8.23]) Let F and G be nondecreasing functions 
in an interval (0, i?]. Suppose that for all p < R one has 

G{p/2)<co{G{p)+F{p)) 


for some 0 < Cq < 1. Then for any 0 < r < 1 and p < R we have 
G(p) < C ((^)° G(R) + F(p T R 1 ~ T ) S j 
where C = C'(cq) and a = o(cq, t ) are positive constants. 


3.2. Boundary Sobolev inequality. The next result is a boundary variant of 
the Sobolev inequality which holds under the P-thickness condition. 

Lemma 3.7. (Boundary Sobolev inequality) Let LI be a bounded domain with uni¬ 
formly P-thick complement R" \ Ll and consider a function u G Wj’ m (fi) which is 
extended as zero outside LI. 

Let B p be a ball of radius p G (0,ro/(l — 0)), centered atapointofLl and suppose 
Bg p \ S2 ^ 0 for some 0 < 9 < 1. 
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Then for any s £ [P, m] there is a constant C = C(n , #, s, P, An) such that 


(3.1) 





1/s 


for each s £ [s, s*], where s* is the Sobolev conjugate of s (s* = ns/(n—s ) if s < n 
and s* is any exponent greater than n otherwise). 


Proof. Without loss of generality we may suppose that u is an s-quasicontinuous 
function in W 1 ’ s (B p ). Since Bg p \ Cl / 0, we can take a ball P(i_e) P (®o) of radius 
(1 — 9)p, centered at xq £ dCl and such that P(i_e) p (^o) C B p . Setting A f(u) = 
{x £ B p \ u(x) = 0} and applying the Holder inequality and [lTJ Lemma 3.1], we 
get 


(3-2) 




1/s* 


1/s 


< c 


Cap, (A f(u),B 2p ) J Bp 


|Prt(a;)| s dx 


whenever s < n. Indeed, (13.21) holds also for any s* > n when s = n. In fact, 
Cap,,(A f(u),B 2p ) < Cp n - s 'Cap n (Af(u) : B 2p ) s ' /n 


for abtrary s' < n, whence we have 


Cap,, (A f(u),B 2p ) J Bf 


\ i/s' 

\Du\ s dx ] < 


1/n 


Cap„(A f(u),B 2p ) J Bf 


\Du\ n dx 


Taking s' = JA, < n in (13.21) and using the above inequality, we get (13.21) for s = n 
and for arbitrary s* > n. 

Since u = 0 in R" \ Cl except of a set of s-capacity zero and -B(i-e) p (a:o) C B p , 
we have 


Cap, (A f(u),B 2p ) > Cap, (B p \ fl, P 2p ) > Cap,(P (1 _ e)p (a;o) \ P 2p ) 
by the properties of capacity, whereas 

(3.3) Cap s (B {1 _ g)p (x 0 )\n,B 2p ) > C{n,0, s)C&p s (B {1 _ g)p (x 0 )\Cl, B 2{1 _ g)p (x 0 ))■ 

In fact, to see m we take functions v £ Cff(B 2p ), 0 < u < 1, d = 1 on 
B(i- 0 ) p (%o) \ O and ry G C§°(B 2(1 _ g)p (x 0 )), |P>? 7 l < 0 < 77 < 1 , )? = 1 on 

B(i-ff) p (xo)- Then vr] £ C^{B 2(l _ g)p {x 0 )), 0 < vt] < 1, vr] = 1 on B {1 _ g)p (x 0 ) \ Cl 
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and therefore, if s < n, we have 

(3.4) Cap s (B {1 _ 9)p (x 0 )\fi,B 2{1 _ g)p (xo)) 


< / \D(vr])\ s dx 

J B 2 (\-e) p (x 0 ) 


< c 


' H 2 (i-e) p (so) 


\Dv\ s dx 


1 


(1 ~0)p) 


< C 


[ \Dv\ s dx + 
ys 2p 



' B 2 (l-9)p ( ko ) 



<C [ \Dv\ s dx. 
Jb 2p 


The same bound holds true also if s = n with a constant C, depending on 6 in 
addition. Actually, making use of the Holder and Sobolev m 15.30]) inequalities, 
for arbitrary t > 1 we get 



and thus (EQ1) with s = n. 

This way, (13.31) follows after taking the infimum in the right-hand side of (13.41) 
over all v € Cq°(B 2 P ) such that v = 1 in B^_g' )p (x o) \ H. 

Further on, the uniform s-thickness condition m yields 


Cap s (B {1 _ e)p (x 0 ) \ fl, B 2{1 _ g ) p (x 0 )) 

> C(n, s, P, A n )Cap s (H ( 1 _ e)p (x 0 ), B 2 ^_g) p (x 0 )) 
= C(n,e,s : P : A n )p n - s 


and therefore the desired estimate (EH) follows from (13.31) and (13.21) . 


□ 


3.3. Higher integrability of the gradient. The next result provides a crucial 
step to obtain global boundedness of the weak solutions to ED although it is 
interesting by its own. Actually, it shows that the gradient of the weak solution 
to controlled growths and coercive problems EH gains better integrability over 
domains with P-thick complements. 

Lemma 3.8. Assume (12.11) . (12.21) and (12.41) . and let u € W 0 1,m (fl) be a weak 
solution to the Dirichlet problem EH- 

Then there exist exponents mo > m and > i such that u G W 1,m ° (fl) H L io (fl) 
and 


(3-5) ||-Du||i m o(n) + IMIzA>(fi) < C 

with a constant C depending on known quantities, on IIDuH^m^) and on the uni¬ 
form integrability of in fi. 
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Proof. Without loss of generality, we assume that the solution u and the data and 
i[> are extended as zero outside f l. Let xq G be an arbitrary point and consider 
the concentric balls B p C B 2p centered at Xo with 2 p G (0,ro). 

Case 1: B 3p / 2 \ f1 = 0. We have B 3p / 2 C f l and let f G C/f(B 3p / 2 ) be a cut-off 
function with the properties 0 < £ < 1, f = 1 on B p and \Df\ < c/p. Employing 
(ESI) with a test function v(x ) = (u(x) — ub 3p/2 ) ( 2 (x), we get 


/ a\x, u(x), Du(x)) (C 2 (x)Diu(x) + 2 (u(x) - ub 3p/2 ) C(x)Di({x)) dx 
Jo. 

+ / b(x,u(x),Du(x)) (u(x) - ub 3p/2 ) ( 2 {x) dx = 0. 
Jn 

Thus (12.21) . (12.41) and the choice of £ lead to 

(3.6) 7 f \Du(x)\ m dx < A f ip(x) m ~ 1 dx + A f \u(x)\ e dx 

JB n ^ B 3 p j 2 J B 3n / 2 


^3p/2 




2A f y(x)\u{x) - u B 3 p/ 2 \\D</(x)\ dx 
J B 3p / 2 


12 


2A / |m(x)|* <T ™ 15 |w(x) — Ms 3 p/ 2 ||T ) C( a; )l dx 

d B 3p / 2 

- ---' 

I3 

2A f iDuix)]" 1 - 1 ^) - ub 3p/2 \\DC{x)\ dx 

4 B 3p / 2 


U 


+ A / ^(a:)|«(a:) - ub 3 „ J dx 


B- 


3p/2 


' - V- 

h 

f Hx^- 1 

d B 3p / 2 

|m(x) 

U B 3p /2 1 ^ 


16 



•■(£-1 ) 


/ 1 Du(x)\ 

4 

m(x) — ub 3p/2 1 dx 

d B 3p j 2 






It follows from the triangle inequality that 


h = f \u{x)\ e dx < C f | u{x) - us 3p/2 \ e dx + C f \us 3p/2 f dx. 
J B 3p /2 J B 3p /2 J B 3n /2 


3p/2 
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In view of the Sobolev-Poincare inequality, we get 

[ \u(x)-UB 3p/2 f dx < ( [ \Du(x)\ r 

J B 3p /2 B 3p /2 

( \ t/m— 1 

[ I Du{x)\ m dx] f 
d B 3p / 2 J j B 3p 

while the Holder inequality implies 


|Du(:r)| m dx, 


\ u b 3p/2 \ dx = 


\B 3p/2 \ i u(x) dx <\B 3p/2 \(-f \u(x)\ e ™ dx j 

d B 3p /2 \d B 3p /2 J 


where m := max | , l| ■ Hence, the term Ii is estimated as follows 


h < ( f \Du{x)\ 

\d B 3p /2 

+ C\B 3p/2 \(-f \u{x)\ l ™ dx 

\J Br>n / 9 


\Du(x)\ m dx 


Using the Young and the Sobolev-Poincare inequalities, as well as |Z?CI < c/p, 
we get the bound 

h= <p(x)\u(x) -ub 3 p/ 2 \\D((x)\ dx 

d B 3p /2 

< C f |ti(ai) -ub 3 p/ 2 \ m \DC(x)\ m dx + C j ip(x)~^ dx 

J B 3 p/2 J B 3p /2 

< [ | u{x)-UB 3p/2 \ m dx + C f <p(x)^ dx 

P d B 3p J2 d B 3p /2 

( \ mm 

-f \Du(x)\ m dx j +C f ip(x)^ dx. 
d B 3p /2 ) d B 3p /2 

In a similar manner one has 


h = / \u{x)\ e(m ™ ~ |u(a;) - ub 3 p/ 2 \\D((x)\ dx 

J B 3n /2 


<C\B 3p/2 \l-f | Du(x)fdx 

\d B 3p /2 

= C\B 3p/2 \U I Du(x)fdx 

\ J Br, n /o 


dx + C / | u(x)\ l dx 
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h= [ I Du(x)\ m l \u{x) - ub 3 p/ 2 \\DC{x)\ dx 

( \ m/fh 

j- \Du{x)\ m dx J +£ [ \Du(x)\ m dx 

d B 3p/2 J " B 3 p/2 

with arbitrary e > 0 . 

To go further, we take t = £ = if m < n and any t > max{^Y,»n} other¬ 
wise, and apply successively the Holder, Sobolev-Poincare and Young inequalities. 
Thus, the following bound 

h= / 4>{x)\u{x) -ub 3p/2 \ dx 

•'B 3 p /2 

<([ \u(x) — UB 3p/2 r dx\ ( f ^ 

\dB 3p/2 J \Jb 3p/2 J 

< ( I \Du(x)\ m dx\ ( f ip~(x) 

\dB 3p/2 J \J b 3p/2 J 

< e f |Dit(a;)| m dx 

J B 3p / 2 

+ C'(e)p^r( n (U^)+i) ( / ^th{ x )dx ] 

\d B 3p/2 J 




holds true with an arbitrary e > 0. In the same manner, Iq and I-j are estimated as 
well. Namely, 


= / Hx)f 1 \u{x) - UB 3p/2 \dx 
d B 3p /2 

< C f \u(x) -UB 3p/2 f dx + C j \u(x)\ l dx 
^ B 3p /2 J B 3p / 2 

0 \ i / m— 1 

? | Du(x)\ m dx\ f 

B 3p/2 / J B 3p / 

+ C [ |w(;r)|^ dx 

J B'ir./O 


\Du(x)\ m dx 


h = / \Du{x)\—i~\u(x)-us 3p/2 \dx 

d B 3p / 2 

<([ \u{x) - UB 3p/2 \ l daA (f \Du{x)\ r 

\d B 3p / 2 J \J B 3p / 2 

( r \ 1/m ~ 1/e r 

< Cp n ( i-s)+ 1 / \Du(x)\ m dx \ 

\Jb 3p/2 J d b 3p/ 


\Du(x)\ m dx. 
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At this point we employ the above bounds into (13.fill , divide the both sides by 
p n and then use -B 3p / 2 C i? 2 p in order to get 


(3.7) J- \Du(x)\ m + \u(x)\ e dx 
Jb p 

< C (\Du(x)\ m + |tt(x)| f ) m dx^j 

+ d(e)^WT-y +1 ) ( [ ^{x) 

\Jb 2p 

x + 1 /)*=! (x) dx 

Jb 2p 

+ C ^£ + p e nT-^) +1 ) {j \Du(x)\ m dx^j 
+ ^ J \Du{x)\ m dxj 


C-f v{a 

J Bo „ 


x) m ~ 1 dx 

B 2p 


l/m— 1 


1/m— l/i'S 


/ \ D u(x)\ r 

Jb 2 „ 


dx. 


Case 2: B 3p / 2 \ S2 ^ 0. Take v{x) = u(x)( 2 (x) as test function in (12.51) with 
c € Cfi°(B 2p ), 0 < £ < 1, C = 1 on B p and \D(\ < c/ p, and use (12.21) . (12.41) and the 
properties of £ to get 


(3.8) 


7 f \Du(x)\ m dx < A j ip(x) m ~ 1 dx + 2A f \u{x)\ e dx 
J B p J B 2p J B 2p 


J l 

+ 2A / </j(x)|it(x)||-D£(x)| dx 

Jb 2p 

' -V-' 

J 2 

+ 2A f |w(x)| _L ™ — ^ +1 |-D£(x)| dx 
jb 2p 

" -V-' 

J3 

+ 2A f \Du(x)\ m ~ 1 \u{x)\\D((x)\ dx 
Jb 2p 

• ---' 

J 4 

+ A / ip(x)\u(x)\ dx 

Jb 2 „ 


J 5 




+ A / \Du{x)\ 1 \u{x)\ dx. 

JB 2p 


Jq 
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We will estimate the terms on the right-hand side of (13.811 by means of the 
boundary Sobolev inequality (EH- Precisely, 


Ji= f \u(x)\ l dx < Cp^( n (7-™) +1 ) ( [ \Du{x)\ m dx) 

Jb 2p \Jb 2p j 

= CV/Wt-^H 1 ) ( [ I Du(x)\ m 

\Jb 2p 


i/m 


i/m— 1 


\Du{x)\ m dx. 


Using the Young inequality, EED and taking into account |D£| < c/p, we have 


Ji = [ <p(a;)|u(a;)||D^(j;)| dx 

Jb 2p 

< C / |ii(:r)| m |-D£(:r)| m dx + C f <p(a;)™^ T dx 

J B 2p J B 2p 

< — [ \u{x)\ m dx + C [ dx 

p m Jb 2o Jb 2o 


J2 P 


< Cp 

where to := max | n+m. > ^} • Similarly, 

J 3 = [ 


\ m/m 

\Du(x)\ rn dx) + C [ dx 


*2 p 


l{x)\ 


l(m- 1 ) C 

m + 1 |Z?C(x)| dx < — 


\u(x)\ m dx + C / \u(x)y dx 

J B 2p P J B 2p J B 2p 

( \ m/m 

f \Du{x)\™ dx\ +C [ \u{x)\ e dx 

Jb 2p j Jb 2p 

( \ m/m 

J \Du(x)r dx) +CJ ± 


and 


J 4 = / \Du(x)\ m 1 |u(x)||.D£(:r)| dx 
Jb 2p 

<e f \Du(x)\ m dx + [ \u(x)\ m dx 

Jb 2p P m Jb 2p 

( \ m/m 

f \Du(x)\™ dx ) 

J B 2p J 

with arbitrary e > 0. 

To estimate J5, we take the exponent t as above, namely t = £ if m < n and 
t > max{^ 3 y,m.} otherwise, and apply the Holder inequality, (13.11) and the Young 
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inequality. Thus 


dx<\ |u(x)|* dx 


if >*-! (x) dx 


= / ^{x)\u(x)\ 

JB 2 p y / 

< Cp n (~~™) +1 \Du(x)\ m dx^j (/ ip*^ 1 (x) dx'j 

< e f \Du{x)\ m dx + _ m) +1 ) | f ipt=r( x )dx\ 

Jb 2p yB 2p J 


1-1 /t 


(m/(m—1)(1—1/i) 


holds with arbitrary e > 0, and the remaining term Jq is estimated in the same 
manner 


Je = 


m(L- 1 ) . 

\Du(x)\ 1 |w(x)| dx 


i It 


l-i /t 


< 


\u(x)\ e dx 


\Du{x)\ m dx 


< Cp n ^~™) +1 ^J | Du(x)\ m dx 


l/m-l/e 


\Du(x)\ m dx. 


Using the bounds for Ji — J 6 in (13.81) leads once again to (EH with the difference 
that to := max j , P j now. However, a careful analysis of the estimates for the 

terms I\ — I 4 above shows that these remain valid also with m := max | , P j 

because of P < to and the fact that the Sobolev conjugate of P is anyway greater 


n+m ‘ 


than to if P > 

Therefore, (HTTP holds true with to := max j n+m ' -P} both cases consid¬ 

ered above. 

Looking at m we recall that n (\ — + 1 > 0 and ^ > 1. Thus, thanks 

also to the absolute continuity of the Lebesgue integral, we can choose e and po so 
small that if p < po then the multiplier of \Du(x)\ m dx at the right-hand side 
of (13.71) becomes less than 1/2. 

To apply Proposition 13.41 we consider the functions 


G(x) = + K x )H m 

1 0 if x ^ f l 


and 


P(x) = < 


C(e) Pl 




ip*- 1 (x) dx 


ip*- 1 (x) 

+Cp(x)^ A 


if x e fl, 
if x ^ f2, 
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and set s = S, so = k| where n G ^l,min | p ^ ^ • It is worth noting 
that the existence of such k is ensured by our hypotheses 


P > 


m 

m — 1 ’ 


q > 


nm 

nm + m — n ’ 


t > max 



Moreover, n (± - A) + 1 > 0 and (l - i) - 1 > 0. 
With these settings, the inequality m rewrites into 



dx < C 





G s (x ) dx 


for each ball B p with p < p 0 such that B 2p C B , where B is a large enough ball 
containing the bounded domain 12. 

At this point Proposition 13.41 applies to ensure existence of exponents too > m 
and £0 > £, and a constant C such that 


\\Du\\L m o(B p ) + |M| L e o(B p ) < G Vp < p 0 . 

The desired estimate m , with a constant C depending on known quantities, on 
||Dit||iTO( 0 ) and the uniform integrability of \Du\ m , then follows by simple covering 
argument. □ 


4. Global Essential Boundedness 


4.1. Proof of Theorem 12.11 Let us start with the case m < n. Consider the 
measure 

dM := (x( x ) + v{x) m_1 + i>( x ) + |u(x)| n - m ^ dx 

where x{ x ) is the characteristic function of the domain 12, dx is the Lebesgue 
measure and <p and 1 /’ are supposed to be extended as zero outside 12. 

Given a ball B p of radius p, we employ the assumptions on ip and ijj to get 



»(»-*) 


dx < \W\\™ P X(p,)P n 
ip(x) dx < ||t/ , ||i«.(‘(n)P ri ^ = 


ML^(n)P n - m+ ^-^ 


with to — > 0 and to — > 0 as consequence of the hypotheses (to — 

1 )p + A > n and mq + p > n. 

Further on, u G L fo (12) by (13.511 and therefore the Holder inequality gives 


(4.1) 


IB C 


\u{x)\^™ dx < |MI2 *o7o)P 


n—m-\~- 


n£ n (n-m)-n 

2 0 (n-m) 


With me 0 (n-m)-nm 2 Q becauge of £ > g = nrn 

to yn—m) u n—rr 

This way, setting 


£ o 


:= min 



m(n — A) 
p(m — 1) 


m — 


n — p m£o{n — to) — nm 2 


£o (n — to) 


> 0 


we get 

M(B P ) < Kp n ~ m+e ° 
with a constant I\ depending on known quantities. 
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For an arbitrary k > 1, we consider now the function 

v(x) := max{«(a;) — k , 0} 

and its upper zero-level set 

f Ik := {a; £ f h u(x) > k }. 

It is immediate that v = 0 on \ n k and v £ Wq ,rr ‘(Q). 

The Holder inequality gives 

1-1/a / r \ l/s 

|u(:r)| s dM 


f v(x) dM = f v(x) dM < f f dM 

JCl J Cl k \J Cl k 


^k 


whence, applying the Adams trace inequality (Proposition [373]) with 


min — m + £o) 

ao = n — m + £o, s= -, r = m, 


we get 
(4.2) 


v(x) dM < {M{n k )) 


i-- 


^-m + e 0 ) 


| Dv{x)\ m dx 


l/r 


To estimate the L m (fifc)-norm of the gradient Du above, we will apply 
m- For, the Young inequality implies 


and 


l ?| 2 




so that the controlled growth assumptions ( 12.211 yield 

b(x,z,£)z < |^|| 6 (x,^,OI < A(e|^r + C(e)\z\^ + \z\ip(x 

for a.a. ie!l, for all (x,£) elx K" and with arbitrary e > 0 to be chosen later. 
In particular, keeping in mind 


u(x) — k 

0 < , < 1 a.e. H fc , 

u{ x) 


we have 


(4.3) \b(x, u(x), Du(x))v{x)\ = \b(x,u(x), Du(x))u(x)\ 


u(x) — k 
u(x) 


< A^£\Du(x)\ m + C(£)\u(x)\ n ~ m + \u(x)\lp(x) S j 

for a.a. x £ 

At this point, we employ v £ W / 0 1 ,m ( Q) as test function in (12.511 and use v = 0 
on \ Ofc, \Dv\ = \Du\ a.e. VL k and (12.41) . in order to conclude that 

(4.4) f \Dv(x)\ m dx < C ( j ip(x) m ~ 1 dx + f \u(x)\ij)(x) dx 

JQ k \ JCl k JCl k 


h 


I 2 


- [ |w(a;)| ’ 
J Cl k 


~ m dx 


I 3 


after choosing appropriately e in (14.311 . 
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It is immediate that 

r 

(4.5) Ji = / ip(x) m ~ 1 dx < Al(ilfc). 

J fik 

Further on, we have 


(4.6) J 2 = / \u(x)\ip(x) dx = / |zt(x) — k + k\ip(x) dx 

Jflk J flk 

< / v{x)ip(x) dx + k / ip(x) dx 

J flfc J flfc 

< / v{x)ij){x) dx + fcA4(Ofc). 

J flic 


To estimate the first term on the right-hand side above, define the measure dM := 
V’(x) dx. We have M(B P ) < C{n)p n ^ for each ball 73 p because of tp £ 

m(n 

and therefore Proposition 13.31 can be applied with s = — —- and r = m. 

Namely, 


v(x)ip(x) dx = / u(x) dA/J < I / dM ] 

•/ fl/c fllr- / 


1-1 /s 




|u(x)| s dM 


l/s 


< (M(flk)) 


1-1 /a 


| Dv(x)\ m dx 


1/n 


We use the Young inequality to estimate the last term above by 

e f \Dv(x)\ m dx + C(e)(M( 

Jflk 

with arbitrary e > 0. Moreover, 

_ m s — 1 m s — 1 m, 3 — 1 

(A^n*))™- 1 8 < (Miflk))-- 1 8 <A4(H fc )(7W(fI))— 1 8 


and 


M(Cl) = dx + (^(x)™- 1 dx+ ip(x) dx + / |u(x)|"- m dx 

J fl J fl J fl J fl 


< |f2| + C(n, m,p, A, g, /z, diamfl) [JM| ™ p ,A (n) + IWIl^(Q) + IMI^n) J • 

Thus, remembering (13.51) . A4(f2) is bounded in terms of known quantities and 
\\Du\\ L m {n) , whence 


(4.7) 


I 2 < £ [ \Dv(x)\ m dx + C{e)kM(n k ) 
J flk 


with arbitrary e > 0. 
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In the same manner we estimate also the last term I 3 of (14.411 . Precisely, 
73 = f \u(x)\ n ~ m dx = f \u(x)\ m \u{x)\ r '- m dx 


< 2 


fit 
m —1 


u(x) — k + k\ m \u(x)\ n - m dx 

v m (x)\u(x)\dx + k m [ dx 


< 2 


m—1 


n k 

m— 17,m , 


?; m (aOKa;)|— dx + 2 m " i fc m M(f2 fc ). 


We will estimate the first term above with the aid of the Adams trace inequality. 

m 2 

For this goal, note that (14.111 implies |u| n ~ m £ with 

m£o(n — m) — nm 2 

6/ = n — m H-—--- > n — m. 

io{n — to ) 

Therefore, there exists an r 7 < m, close enough to ?n, and such that 


TO 


We have then 


n — m < — (n — r') < 9. 

V*' 


, (n — r')(m — r') 
n-r' + --^-- < 


and Proposition 13.11 yields |u|" 
tion 13.31 and the Holder inequality give 


£ L 1,n r+ ~ ^ '(f2). This way, Proposi- 


l (x)\u(x)\ n ~ m dx < C ( / \Dv(x)\ r dx 


m/r 


< c\n k 


i-i 


\Dv(x)\ m dx 


with C depending also on 


(cf. (14.111 and (13.5m . Therefore, 


(4.8) 


h<c(\n 


^ which is bounded in terms of ||u||i/ 0 (n) 
[ \Dv{x)\ m dx + k m M(n k ) 

' fife 


and putting (14.51) . (14.71) and (14.81) together, (14.41) takes on the form 


(4.9) 


\Dv(x)\ m dx < Cl |f2 fc 


l-i 


\Dv(x)\ m dx + k m M(n k ) 


after choosing e > 0 small enough and remembering k > 1. 
We have further 


kn-m |Q fe | < / |u(a;)|"- m dx 

J fit 


< / \u(x)\™™ dx < C\\Du\\l m ™ n) 


and this means that if k > fco for large enough ko, depending on known quantities 
and on \\Du\\L m (n), then the multiplier factor C'ISTa,|^ — 1 on the right-hand side of 
(HU) can be made less than 1/2. This way 

(4.10) f \Dv{x)\ m dx <Ck m M(n k ) \/k>k 0 

J £l k 
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and then (14.211 becomes 


(4.11) 


I fi k 


v{x) dM < Ck(M(il k )) 


1 +- 


t,(n-m + e 0 ) 


V k > ko 


with £ 0 > 0 . 

Employing the Cavalieri principle, we have 

f v(x) dM = j ( u(x ) — k) dM = f M(Qt) dt 
J fi/j J fife « k 

and the setting r(t) := M(flt) rewrites (14.111) into 

£o 


POO 

/ r(t) dt < Ck(r(k)) 1+S Vfc > k 0 , S = 

Jk 


> 0 . 


m(n — m + £o) 

It remains to apply the Hartman-Stampacchia maximum principle (Proposition ^?!^ 
to conclude 

u(x) < fcmax a.e. fl 

where k m ax depends on known quantities and on \\Du\\^m^ 2 ) in addition. 

Repeating the above procedure with —u(x) instead of u(x), we get a bound from 
below for u{x) which gives the desired estimate (12.61) when to < n. 

The claim of Theorem m in the limit case m = n can be easily obtained by 
adapting the above procedure to the new situation. Precisely, the controlled growth 
condition (12.21) for the term b(x,z,£) and the coercivity condition (12.41) have now 
the form 




(4.12) \b(x,z,£)\ < A\^p(x) + \z\ +|£| * 

(4.13) a (x,z,£) •£ > 7 ir-A^r-A^)^r, 

respectively, where l > n is an arbitrary exponent (cf. (12.31) 1. <p G L p,A (f2) with 
p > ^j-, A G (0, n) and (n — l)p + A > n, if) G L' ?,/i (fl) with q > 1, p G (0, n) and 
nq + p > n. 

Without loss of generality, we may choose a number m! < n, close enough to n, 
and such that £ = („_ m " 2 ( „ +1) ■ Setting f = ^p-, we have 

„ „ n< n(e-l) _ m\£' - 1) 

’ l £' 

and therefore (14.121) becomes 

(4.14) \b(x,z,£)\ < A (ip(x) + \zf ~ 1 + |£| u ’ 
for \z\ > 1 and |£| > 1, while (14.131) takes on the form 

(4.15) a(x, z,£)-£> Tier - A|z|* - Aip(x)^ 

> 7 \tr' -A\zf -Atp(x)^ 

when \z\ > 1 and |£| > 1 and where, without loss of generality, we have supposed 
ip(x) > 1. 

Defined now the measure 


dM' = ( x( x ) + vi x ) rn '~ 1 + V>( x ) + |u(a;)|’ 


dx , 
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we may increase, if necessary, the value of m' , maintaining it anyway less than n, 
in order to have T' < p, m! > + 1 , m' > —^ and therefore 

m—1 1 ’ p ’ q 

M'{B P ) < Kp n - m ' +E0 


as above, with a suitable £o > 0. 

Considering the function v(x ) and the sets as defined before, it is immediate 
that 

[ \Dv(x)\ m ' dx < |fi fc | < k m 'M'(Cl k ), 

while 

f \Dv(x)\ m ' dx 

J{x£Qk: \Dv(x)\>l} 

can be estimated with the aid of (14.141) and (14.15[) as already did when to < n. 
That leads to the bound (14.101) with m! instead of to and it remains to run the 
same procedure employed above in order to complete the proof of Theorem 12. II □ 


4.2. Sharpness of the Hypotheses. We will show, on the level of simple ex¬ 
amples built on the m-Laplace operator, that the restrictions on the growths with 
respect to u and Du and on the Sobolev-Morrey exponents as asked in (12.21) and 
(12.41) are sharp in order to have essential boundedness of the weak solutions to (11.11) . 

Example 4.1 (The |u|-growth £— 1 of b(x,u, Du) is optimal for the boundedness.). 
Let x>£ — l>m — 1. The function 


u{x) := |x| £ W 1,m 

is a local weak solution of the equation 

div (| Du\ m ~ 2 Du) = C(n,m, x)\u\* 
in the unit ball Si(0), but u £ L°°(Bi). 

Example 4.2 (The gradient growth 0 f ^(^ jj u ) i s optimal for the bound¬ 

edness.). Let to < n and x £ ( m ^~ 1 ) ) m J . The function 


u(x) := \x\ _ i 

is a WQ ,rn (B i) weak solution of the Dirichlet problem for the equation 
div (|Du | m ” 2 Du) = C(u,to, x)\Du\*, 

but u £ L°°(Bi). 


Example 4.3 (The requirements tp £ L P ’ X (D) with (to— l)p+A > n and ip £ L q,p, (D.) 
with mq+p > n are sharp for the boundedness.). Let B R = {x £ R": |x| < R < 1} 
and consider the functions 


ip{x) 


x 

\x\ m \ log |x| 


and 


4>(x) 


(to — n) log \x\ — m + 1 
\x\ m \ log |ir|| m 


It is immediate to check that tp £ L™- 1 (U/j;R") C L p ,n ( m Vp' £ ^1, -pppzi 

but p £ LP'’ n -( m - 1 ) p '+ E (B r -, R”) Ve > 0; and tp £ L^(B R ) C L q ' ’ n ~ mq ' {B R ) 
Mq' £ (1, , but ip £ L q, ’ n - mql+e {B R ) Ve > 0. 
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The unbounded, function 


u(x) = log 


logjaA 

log R J 


is a weak solution to the homogeneous Dirichlet problems of both 


and 


div (| Du\ m ~ 2 Du - <p(a:)) = 0 
div (I Du\ m - 2 Du) =ip(x). 


5. Global Holder Continuity 

Let us start with the Holder regularity of the weak solutions in the interior of 
n as claimed in Corollary 12.21 


Proof of Corollary 1 2. 2\ Let m = n. Then Lemma [3.81 implies u G TT 1,m °(f2) with 
Too > n and thus the interior Holder continuity of u with exponent 1 — ^ follows 
from the Morrey lemma. 

Suppose therefore m < n. We have then i = (cf. (12.31) 1 and, taking into ac¬ 
count the essential boundedness of u given by Theorem l2.ll the structure conditions 
(12.21) and (El can be rewritten as 

I a 0, 2, 01 < A W'{x) + lO™^ 1 ) , 

\b(x,z,S)\ < A (yor) + Ifl^) < AW(x) + |£D , 
a (x,z,£) •£> 7lO m - 

for a.a. it!l and all (z, ()elx R ra , where 

<p'(x) = <p(x) + M ip'(x) = ip(x) + M ™-™ h +1, 

<p"{x) = A (M n ~ m + (p(x) m - 1 ). 

Straightforward calculations, based on the hypotheses <p G L P,A (H), p > 

(to - l)p + A > n and if G q > mra +" _ ra , mq + p > n, give 


/ ip'(x) dx < C (n, to, |M|z,pA(n), M, diamfi) p n •> =Cp 
■ni„ 


n— m+l+£i 


with £i = TO — 1 — 2 ^ > 0 , 

J- p 7 


if'(x) dx < C (n, to, ||V’||L«.» i (n)i Af, diamfl) p n 


— n n n —m+S2 


= C P 


with £2 = to — 22 — U. > 0 , and 


(»-*) 


/ <p"(x) dx < C (n, to, A, ||<^||i,PA(n), M, diamfi) p n p( m -u =Cp n m+£3 

Jb p 

with £3 = to — > 0 - 

0 p{rn— 1) 

At this point, the claim of Corollary 12.21 follows from the Harnack inequality 
proved by Lieberman (see m Theorem 4.1] and 1 26 1 Theorem 2.2]) and standard 
covering arguments. □ 










24 


S.-S. BYUN, D.K. PALAGACHEV, P. SHIN 


To proceed further with the more delicate question of Holder continuity up to 
the boundary of fl, we need the following result ensuring suitable growth estimate 
for the gradient over small balls. 


Lemma 5.1. Assume (12.211 and (12.411 . and let u be a weak solution to the problem 
O) extended az zero outside fh 

Let B p be a ball of radius p £ (0,diamfl) and centered at a point of <9fl, and 
i, £ Cff(B p / 2 ) with \Drj\ < c/ p. There exists a constant C depending on the same 
quantities as M in m , such that 





dx < C{M(p) + 


-M 




where M(p) = esssup Sp u, u = max{u,0}, A(p) = p + ) 

and w -1 = M(p) + A(p) — u. 


m— 1 


n—m 




Proof. Let 1 <9 < min | v ^ m m 1 ^ be arbitrary and consider the measure 

dMe := Up{x)^ + if(x) e ^j dx 

where, as before, ip and if are supposed to be extended as zero outside S2. 
Given a ball B p of radius p, we have 


Vix)™- 1 dx < |M| LP,l {Bp )P n <Mp) 9m p n 


("~m) 




if( x y dx < \\ni^ Bp) p n —— < m 9m P n —— • 


Therefore, setting 
(5.1) 


Om(n — A) 9(n — p) 

ag := mm \n ---—, n - 

p(m — 1) q 


> 0 , 


we get 

Mg(Bp) < CA(p) 6m p ae 

with a constant C depending on known quantities. 

Now, let B p be a ball of radius p centered at a boundary point and use v := 
i, m er u vo as test function in (12.51) . where r, £ Cg°(B p ), vo = ui 13 — ( M(p ) + A(p))~d 
and /3 > 0 is a parameter under control. Having in mind that \Du\ = \Du\ a.e. 
(led: u(x) > 0}, we obtain 


[ rj m e'i u (/3vjP +1 + — vq ) a(x, u(x),Du(x)) ■ Du dx 

+ / mri-^Z a.(x, u(x),Du { x)) ■ Dr, dx + J b { x, u { x),Du { x)) V dx = 0 


and hereafter all the integrals will be taken over B p D {x £ Cl: u(x) > 0}. Using 
that 


|£>u|< \Du\ m + 1 
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t{m — 1 ) 

u\ m + ip ) \Di]\ dx 


in view of the Young inequality, we get 
7/3 J r ? m e t E V 3 + 1 | Du\ m dx < Am J » ? Tn - 1 e$ ,r u D (|.Du| Tn - 1 + 

+ A f rj m ei u vo (|w| C_1 + ip + l) dx 

+ A J 7j m e~ u ^/3w /3+1 + — vq^J (|u| £ + dx 

as consequence of (12.21) and (12.41) . Since vq < w& and 


< C ( |MU»(n) + lkl|^I (n) + + diamfi 


L q ’^(Q) 




it follows 


(5.2) /3 J r, m w 0+1 \Du\ m dx < C J ’ n m - 1 w fi \Du\ m - 1 \Dr)\ dx 

+ C J ri m ~ 1 w l3 (ip + 1) \Dr)\ dx 
+ C J r] m w p+1 (ip + 1) dx 
+ C( 1 + p) J rf n w^ +1 ( ip^ + 1) dx 

where the constant C depends on known quantities and on ||^w||L m (n) through M 
in We apply the Young inequality to get 

J rj m ~ 1 w^\Du\ m ~ 1 \Dr]\ dx < £ J r) m wP +1 \Du\ m dx 

+ C£ 1 ~ m J W p - m+1 \Dr]\ m dx 

J r] m ~ 1 w 13 (ip + 1) \Dr]\ dx < /3 J r] m w l3+1 (ip™- 1 + l) dx 

+ C/3 1 ~ m J w 0 ~ m+1 \Dri\ m dx 

for any e > 0. Choosing e = ^ with appropriate C above, we obtain from (15.21) 

(5.3) 0 J ri m w 0+1 \Du\ m dx < C( 1 + / 3 ) J r] m w l3+1 dx 

+ C(1 + /?) J r] rn w l3+1 ( ip m - 1 + ip) dx 
+ C/3 1 ~ rn J w 0 - m+1 \Dr]\ m dx. 

Take now ft = m — 1 in m - We have M(p) — u > 0 whence w < A(p) 1 and 
the Poincare inequality yields 



26 


S.-S. BYUN, D.K. PALAGACHEV, P. SHIN 


Further on, 


J r) m w m ((p^ + i!>) dx = j r 1 m w m dM 1 < A(p)~ m J r) m dMi. 

To estimate the term on the right-hand side above, we will distinguish between the 
cases m < n and m = n. Thus, if m < n we apply the Adams trace inequality from 
Proposition 13.31 with 


a o = a\, s — 


aim 


r = m, 


n — to 


and where a\ is taken from m with 9 = 1. We have 

m/s 


dM i 


1 —m/s 


A(p)~ m J V m dM 1 < A(p)~ m (/ TfdM^ 

< Mp)~ m ( CA(p)*£ J I Drj\ m dx) ( CA(p) m pP') 1 

| Dri\ m dx 


—m/s 


< Cp' 


ai —n+m 


<C J \Dr)\ m dx, 


where a\ — n + m > 0 and 0 < p < diam f 1 have been used in the last bound. 
If instead to = n, we employ once again Proposition 13.31 but 


now. Thus 


ao = a±, s = n, r = 


A( P y n J p n dMi <c(yj m r dx) <C Q \Drj\ n dx 
< Cp ai J \Dr)\ n dx 
<C J | Dr)\ n dx 

thanks to a\ > 0 and 0 < p < diam il. 

This way, 

J rf n w m (. <p^ +ip) dx<C J | Dr)\ m dx 

and m with 0 = to — 1 becomes 

J ri m \D(log w)\ m dx < C J | Drj\ m dx 
for each 0 < p G C£°(B P ). 

Choosing appropriately rj, we are in a position to apply Proposition 13.51 that 
asserts existence of constants C and a 0 > such that 


ai +n 


dx 


n/r—1 


(5.4) 


[ w a dx f w a dx < Cp 2n for all |cr| < a 0 . 

J B3p/4 JBzp/A 
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Consider now the cases /3 ^ m — 1 in m- For, we multiply the both sides of 
(EH) by (3 m 1 which rewrites it as 

( 5 . 5 ) rj v m w p+1 \Du\ m dx < C J w p ~ m+1 \Dr)\ m dx 

+ <7(1 + /3 m ) J r] m wP +1 (v?^r + %l> + 1) dx. 

Setting /3 = mt + m — 1 > 0, we have 

\D(r]w t )\ m < 2™- 1 (w mt \Dr]\ m + \t\ m r) m w mt+m \Du\ m ) 
and the use of (15.51) with j3 = mt + m — 1 gives 

i tr 


\D{r]w t )\ m dx< <7 1 + 


C \t\ 


(mt + m — l) r 
\t\ m 


w mt \Dr]\ m dx 


(mt + to — 1) ? 


^ J V m W mt+m + ^ + 1) dx. 


We have 


t 


mt + to — 1 to 
1*1 


< — Vf > 0, 


while \t\ m < (—^) and ) m is a positive and decreasing function whenever 

Thus, defining 


W : = 


1 +t n 
1 + 


\t\ r 


(mt + to — l) r 
the last bound takes on the form 

(5.6) J \D(rjw t )\ rn dx < CN(t ) (^J w mt \D V \ m dx 


if t > 0, 

1 — to 

if- < t < 0, 


+ J ri m w mt+m (<p^ + V> + 1) dx'j . 


The Young inequality and the definition of the measure A ig yield 
(5.7) 

J v m w mt+m (.tp <£* +4>) dx < e J r] rn w rnt+rn dx 


+ Ce^ J r) m w mt + m dx 


= e / rj m w mt+m dMg + Ce— / v m w mt+m dx , 


where 0 is such that 1 < 0 < min j j • In order to estimate the first 

term on the right-hand side of (Ell) we will employ once again Proposition 13.31 
distinguishing between the cases m < n and m = n. 

Let m < n. Taking 

OLQUl 

ao = clq, s =-, r = m 

n — m 
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in Proposition 13.31 and remembering w < A(p) , we get 

J v m w mt+m dMg < A(p)~ m J (nw*) m dMe 

( n. \ m/s / n. \ 1 —m/s 

I (mS/dMo) [j dMe J 
< cA(p)( ff -^ m+ai) -( n - m ^ J |D(r?w t )| m dx 
<C J | Dtrjw^r dx 

since 9 > 1 and ag > n — m. 

In case m = n, the application of the Adams trace inequality with 

n 2 

ao = ag, s = n, r = 


ag + n 


gives 


n n W nt+n dMg < A(p)~ n J (rjW t ) n dMg 

< CA(p/ e ~V n (/ \D{r 1 w t )\ r dx 

< CA{p/ 0 ~ v>n (^j \D(rjw t )\ n dx'j (^J dx 

= CA(p/ e ~ 1)n+a ° j dx 

< C J |Z?(??w; t )| n dx. 


%/r —1 


Therefore 


J v m w mt+rn dMg <C J | £>(»?«;* )| m dx 

and (15.71) becomes 

((pm=r + i/i) dx < Ce J |-D(77w t )| m dx + Ce^ J f] rn w mt+rn dx 


7 f n w mt+m 


with e > 0 under control. In particular, choosing e = 2 CN(t) a b° ve an d having in 
mind N(t) > 1, we get from (15.61) 

(5.8) J |D(r ? w 4 )r dx < CK(t) J w mt ( r] m w m + \Dr]\ m ) dx 


with 


K(t) := (N(t)) 


e 
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Let us take now a cut-off function p £ Co°(B r ) such that 0<?7<l,?7=lon 
B s and \Dr]\ < where 0 < s < r < p. Employing the Sobolev inequality, we get 



from (15.81) since pw < j < ^z^. 

Let pk = p ( -7 + 2 ^+ 2 ) for fc = 0,1,... and let to > 0 be any number such 
that mto < <7q with tro appearing in (15.41) . Making use of the simple inequalities 
e 2mt > (1 -y t) 2m > 1 + t 2m valid for all t > 0 and all m > i, and remembering the 
properties of the function K(t), we have 

K(t) = (l + t m )^ Vt > 0. 


Thus, taking t = t 0 ( 2 -) >0 and using m with s = pk+i and r = pk, we get 

- ( m/e) k+1 


w 




dx 


Pk+1 


< 


(2^)^ )* ^J w mto(£) k ^ 


(m/t) k 


for k = 0,1,.... Iteration of these inequalities from 0 to N £ N yields 


w mt °(£) N+1 dx 


(■ m/ey 


J PN +1 


w mt ° dx 


< 2 m '^k=o Kt) c-™ELo(t) p^T^- 1 - IDfcLoCir) f 

Je 

and passage to the limit as N —>- +00 gives 

(5.10) ess sup w mt ° = (m{ p ) - M (£) + A(p)) < Cp~ n [ w mt ° dx. 

b p , 2 v V2/ J Jb 3p/4 

This way, it follows from (15.41) and (15.101) that 


(5.11) p~ n f w~ mt ° dx < C (M(p) - M + A(p)) 

J B 3p /4 Z 


mto 


for any to > 0 such that 0 < mto < <xo- 

To proceed further, we set a = — mt\ where t± = ti(m, n) < 0 will be chosen in 
the sequel. Let 0 < a < m — 1 and define 01 = a (y) where k is a positive integer 
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for which m — 1 < oo (■£■) h and do is taken from (|5~H) . Obviously, 0 < ai (^) k < a 
for 0 < k < k. Thus —— < — — < — — (—) k and therefore 

— — m m — m \m / 


I< - 


ai ( l 


m \m 


< K - 


(--) 


for 0 < k < k since K is a decreasing function on (, 0) . 

We take now /°fc = 4 (3 — ^ 4 -^ for 0 < k < k+ 1 and apply (15.91) with s = Pk+i, 
r = pk and t = — — (/p) k in order to get 


(m/ t) k 


dx 


J pfc +1 


for 0 < k < k. Iteration of these inequalities for 0 < k < n gives 

■ (m/e )* +1 


(m/l) k 


W 




dx 


^p /2 


whence 


< 


(ck(~— )4 m ( K + l) m ) Efc °^' ) f w -"i dx 

K V m> ’ JB 3p/i 


{t/r 


P 


~ n I W ~^T dx < C [ p~ 


1p/2 


3 3p/4 


Remembering 0 < ay < 00 , we obtain from (15.111) with ay = mto that 

(5.12) p~ n f w tl£ dx<c(M(p)-M (^]+A{p)Y tie 

JBp/2 

for each fi < 0 such that 0 < —mti < m — 1 . 

Take now v = p m e^ u u as a test function in (12.51) . Keeping in mind (12.21) . (12.41) 
and m , we obtain 

(5.13) J rj m \Dn\ m dx < CM(p ) J rj m ~ 1 \Du\ m ^ 1 \Dr]\ dx 

+ CM(p ) J 'q m - 1 \Dr)\(l + ip) dx 
+ C J p m + i!>) dx + C J p m dx. 

Fix rj S Cfi° (B p / 2 ) such that 0 < p < 1 and \Dp\ < c/p. To estimate the terms 
on the right-hand side in (15.131) . we take a t 2 < 0 such that 1 < (1 + t 2 )m < 
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Thus 


J r] m ~ 1 \Du\ Tn ~ 1 \Dr]\ dx = j (r,w 1+t2 \Du\) m 1 {w-^ +t ^ m ~^\Dr]\) dx 

= cj (T 1 \D{w t2 )\) m ~\w-^ +t2 ^ m - 1) \D7 1 \) dx 

/ f \ l-l/m / r \ 1/m 

<c( {ji\D{w t2 )\) m dx\ ( (w~^ 1+t2 ^ m ~^\Dr]\) m dx\ 

The two terms above will be estimated with the aid of (15.811 and (15.121) , respectively. 
Precisely, applying (15.81) with t = t 2 , we have 


\ i-i/ m / r /■ 

(rj\D(w t2 )\) m dxj <c( {\D(j]w t2 )\) m dx + j {w t 2 \Dr]\y 11 dx 


1 — 1/m 


< C ((m(p) - M (|) + A{p)) m 2 P n ~ 

since w < (M(p ) — M (|) + A{p)) 1 on B p / 2 as well as w < A{p)~ l < p~ 
In the same manner, (15.121) with t\ = — ( 1 + t2 )(™~ 1 ) m leads to 


1-1 /r 


(l+t 2 )(m— l)m 


whence 


r \ i / m 

/ ( W - (1+t2)(m - 1) |D7?|) m dxj 

<c((M{p)-M(^ +^(p)) 

J rj m ~ 1 \Du\ rn ~ 1 \Dr]\ dx < c(m{ P ) - M (0 + A(p)) m “V 


l/r 


1 — 1/m / p \ 1/r 

| Dr]\ m dx 


Further on, 

J r] m ~ 1 \Dri\(l + ip) dx < C r] m (l + ip™- 1 ) dx ^ 

<C{p n + M l {B p/2 )) m ^ p^ 

< c ( p m p n - m +Aiprp^) 1 ^ P ^ 

< C ( A(p) m p n - m ) ^ p^ 

= C A(p) m ~ 1 p n ~ m 

because of Mi(B p / 2 ) < A(p) m p ai (cf. (15.11) 1. p < A(p) and a\ > n — to. 
Similarly, 


and 


J r) m +ip) dx = J r] m dMi < CA(p) m p n 
J p m dx = Cp m J \D V r dx < CA(p) m p n ~ m 


in view of the Poincare inequality. 
Therefore, (15.131) yields 


(5.14) JrT\Du\ m dx<C(M(p) + A(p))(M(p)-MQ+A(p)) m V 
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On the other hand, 


J | £>(r ?W - 1 )r < C (^J w~ m \Dp\ m dx + J p m \Du\ m dx? 

and, keeping in mind ur 1 < M(p) + A(p), we apply (15.121) with t\ = ^—jr 1 to get 

J w~ m \Dp\ m dx < Cp- m J w~ 1 w 1 ~ m dx 

< C(M{p) + A(p))p- m J w 1 -™ dx 

< C(M(p) + A(p )) (M{p) - M (0 + A(p)) m ~ X p n - m . 


The last bound, together with (15.141) gives 
J | D{pw~ x )\ m dx < C(M{p) + A(p)) ( M(p ) - M (0 + A(p)j p n 
and this completes the proof of Lemma 15.11 


□ 


Once having the result of Lemma 15.11 it is easy to extend the Holder continuity 
of the weak solutions up to the boundary of 12, thanks of the P-thickness condition 

(EH). 

5.1. Proof of Theorem 12.31 Let Xo G did be any point and set B p = B p {xo) for 
the sake of brevity. Since (m — l)p + A > n and mq + p > n, there exist positive 
constants A and ~p such that n < (m—l)p + X < (m— l)p + A, n < mq + ~p < mq + p. 
It follows from Proposition l3Tl that L p ’ X (B p ) C L p ’ x (B p ) and L q ^(B p ) C L q ’ p (B p ). 
In particular, since p G L p,x and i/j €E L q,pj , we get from the definition 

IMIL.mb,) < M p LP , HBp) P x -~\ 

(5.15) 

Ill’ll Z,9.F(Bp) — 

In fact, for any B s (y) CK", we have 


If 

S X JB„nB B (y) 


<p p dx = s x ~ x -f- 


S JB p nB s (y) 
P „A—A 


p p dx<p x ~ x \ [ p p dx 

S JBf.nBsiy) 


if p > s and 
1 


< Mlp.hb p )P 

1 


^A—A 


1 


— I p p dx < — <p p dx < p x - 

S X JB p nB s (y) p X JB p nB s (y) P J B p 

A-A 


p p dx 




if p < s. 

Take now a cut-off function p G Cq° ( B p / 2 ) so that 0 < < 1, ij = 1 on P p / 4 

and \Dp\ < C/p. Since R n \ 12 is P-thick, it is also m-thick whence, according to 

EH), 

Cap m (Sp/4 \ B p / 2 ) > An Cap m (P p / 4 , B p / 2 ) = Cp n m 

On the other hand, 

B p / 4 \ 12 C {x G B p/ 4 : u(x) = 0} 


Vp < r 0 . 
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and therefore 

Cap m ({iefi p/4 : u(x) =0} ,B p/2 ^ > Cap m (S p/4 \ fi, B p/2 ). 
We have r]w~ l = M(p ) + A(p) on {a: £ Bp/ 4 : u(x) = 0} with 

Mp) = p+ mi; 

and thus 


n ,-1 

"LrA(B p 


11 L1^(B P ) 


3p/2 




r)w 


-1 


(m( P ) + H(p) 


da; > Cap m ( {a; € B p/ 4 : u(ar) = 0} , H p/2 ) . 


Putting together all these inequalities, Lemma Hull gives 

p n-m < C Capp ( | x . g Sp/4 : u (a: ) = 0} , R p/2 ) 


<<7((M(p) + H(p))' 




3 p/2 


C(M( / a) + A(p)) t m (M(p)-M(0+A(p)) m V 


< 


Thus, we find 


M 


(I) 


<^l(M(p) + A(p)) 


for all p < R where R depends on ro from m, and it follows from Proposition 13.61 
that 

M(p) < C ((£)“ M(R) + A(p T R 1 -^ 
for any 0 < r < 1 and p < R with an exponent a' > 0. Since 

AipTR 1 ^) < C{p T R 1 ~ T ) a " 

with a" = min{ ^Zi ) p > 1} as it follows from (15.151) . we have 

M(p) < Cp a 

where a = min{a', ra"}. 

Repeating the above procedure with —u(x) instead of u(x), we get finally 


(5.16) 

for all xo £ dfl and all p £ (0, R). 


sup |u| < Cp a 

Bp(x 0 ) 


With Corollary 12.21 and (15.161) at hand, it is standard matter to get Holder 
continuity up to the boundary as claimed in Theorem 12.31 For, we will distinguish 
between various cases for arbitrary two points x, y £ f2. 

Case 1: dist (x, d fi) > R/2 and dist (y, dfl) > R/2. Then 

\ u (x) -u{y )| < H 
\x-y |“ 

as it follows from Corollary 12.21 

Case 2: 0 < dist (,x , <9fi), dist (y, dfi) < R/2. Let J = dist (y, dfl). We have 
\u{x)-u(y)\ osc Blx _ yl{y) u 


-y\ c 


< 


-y\ c 
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while 


osc it < C\x — y\ a [S “ osc it + 1 

B\x — y\ (y) \ Bs(y) 


as consequence of HZl Theorem 4.1]. This way, 


Hap -u{y) I 

\x - y |“ 


< C 



osc u+1 
Bs(y) 


for each x £ Bg(y) with a suitable exponent a £ (0,1). Pick now a point yo £ dfl 
with the property \yo — y | = dist (y, dfl). Since Bg{y ) C B 2 s(yo )j we have from 
(15.1611 that 

osc u < osc u < 2 sup |it| < CS a 

Bs(v) B 2 S (yo) B 25 (y 0 ) 

whence 

\u(x)- u(y)\ < H 
\x-y\ a 

for all x £ Bg(y) and all y £ fl with dist (y, dQ) < R/2. Further, if \x — y\ > S and 
dist (x, dfl) < R/2 , take a point xq £ dfl with the property |xo — x\ = dist (x, dfl). 
Since 

\x - x 0 | <\x- yo\ <\x-y\ + \y-yo\ = \x-y\ + S < 2\x - y\ 
and u(x o) = u(yo) = 0, we have 


Nap - u(y) | < |tt(a;) - u(x 0 )| + | u(x 0 ) - u(y 0 )\ + \u(y 0 ) - u(y)\ 

< C(\x - x 0 | a + | y- y 0 \ a ) 

< C\x — y\ a , 


whence 

\u(x)- u(y)\ < H 
\x~y\ a 

for all x,y £ Q with dist (x, 9fl), dist (y, dfl) £ (0, R/2) and such that \x — y\ > 5. 

Case 3: dist (x, > R/2 and 0 < dist (y, dfl) < R/2. It sufhees to take a point 

z lying on the segment with end x and y and such that dist (z, dfl) = R/2 to get 

\u{x)-u{y)\ < \u(x)-u(z)\ \u{z)-u{y)\ 

\x — y\ a ~ \x — z\ a | z — y\ a 

Thus, the desired estimate reduces to the cases already considered. 

Case /: y £ dfi. It follows from (15.161) that 

Hap -u{y) I < H 

\x~y\° 


for all x £ such that |x — y| < R , while 


|m(x) -u(y) | 
|x - y\ a 


< 2||«|| i c. (n) i2-“ < H 


if |x — 2 /| > R , as consequence of (12.61) . 

It remains to take the smallest of the exponents a in the above considerations 
to complete the proof of Theorem 12.31 □ 
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5.2. Holder continuity under natural structure conditions. Theorem 12.31 
asserts global Holder continuity of the weak solutions to the Dirichlet problem 
ED under the same hypotheses which ensure global boundedness of the solutions. 
However, it happens very often that one already disposes of an a priori bound 
for ||u|| loo^) as consequence, for example, of strong nronotonicity of the principal 
part a(x, it, Du) with respect to Du , or sign condition on u.b(x, u, Du) (see e.g. 
EEQ3 and the references therein), etc. What is the natural question to arise in 
this situation is whether the bounded weak solutions to ED remain globally Holder 
continuous in Q if the |£| m ( 1 ” 7 )-growth of b(x,z,£) in ( 12 . 21 ) is relaxed to |£| m . 

More precisely, let us weaken the controlled growth assumptions ED to the 
natural structure conditions of Ladyzhenskaya and Ural’tseva. In other words, let 
tp £ L P,A (f2) with p > A £ (0, n) and (to — l)p + A > n; ip £ L q ^{D) with 

q > mn+m-n > A 4 G ( 0 , n) and mq + fi > n, and suppose there exist a non-decreasing 
function Aft) and a non-increasing function 7 (t), both positive and continuous, such 

f |a(a;,z,£)| < A(|u|) (<p(x) + |£| m_1 ) , 

< A(|u|) (ip(x) + |£| m ) 

a (x,z,t) •£ > 7(l«l)ier - A{\u\)y{x)^ 

for a.a. ie!l and all (z, £) £ K. x K n . 

Indeed, a bounded weak solution to (11.11) is a function u £ L°°( fl) D W 0 1 ,m (H) 
such that 

/ a(x, u(x), Du(x)) • Dv(x) dx + / b{x, u(x), Du(x))v(x) dx = 0 

J Q J Q 

for each test function v(x) £ L°°(£l) D Wo’ m (H). 

It is worth noting that in the proof of Corollary 12.21 above, we reduced (12.21) and 
(12.41) just to (15.171) and (I5.18|) . respectively. Further, it is easy to check that the 
result of Lemma [5J] remains valid for bounded weak solutions to ( 11 . 11 ) if (15.171) and 
El are required instead of (12.21) and (12.41) . This way, we have 

Theorem 5.2. Under the hypotheses (12.11) . (15.171) and (15.181) . each bounded weak 
solution of the Dirichlet problem ED is Holder continuous in fl with Holder expo¬ 
nent and constant depending on the data of (11.11) and on ||u||l«>(£ 2 ). 
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